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Transport properties of bilayer quantum Hall systems &t u = 1 / q, where q is an odd integer, are 
investigated. The edge theory is used for the investigation, since tunneling between the two layers 
is assumed to occur on the edge of the sample because of the bulk incompressibility. It is shown 
that in the case of the independent Laughlin state tunneling is irrelevant when z/ < 1/2 in the low 
temperature and long wave length limit. The temperature dependence of two-terminal conductance 
of the system in which only one of the two layers is contacted with electrode is discussed. 
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The fractional quantum Hall(FQH) effect appears in 
two-dimensional electron systems in a strong magnetic 
field. Recently a large number of studies have been 
made on bilayer quantum Hall states. These systems 
are two dimensional electron systems in double-quantum- 
well, and various ground states under interlayer inter- 
actions have been studied. |l| One of the direction of 
developments is the transport phenomena. It has be- 
come possible to fabricate bilayer systems in which the 
two layers can be contacted separately, and some trans- 
port properties have been studied experimentally. [^||^] 
In one experiment, Ohno et al. studied transport for a 
systems in which contact was made to one layer while the 
other was left floating. Q When the system was tuned to 
equal layer densities to maximize coupling due to tunnel- 
ing, they found that the transport coefficient were usu- 
ally nearly identical to those measured when both layers 
were connected. However, near the integer quantum Hall 
plateaux, the Hall resistivity almost doubled in the float- 
ing layer case. Yoshioka and MacDonald studied the in- 
fluence of interlayer tunneling upon the longitudinal and 
transverse resistance in the framework of non-interacting 
electron and successfully explained the behavior at the 
integer plateaux. This experiment is done at 1.5K 
which is too high to observe the fractional quantum Hall 
plateaux. Since then no one has done experiment in a 
situation where fractional quantum Hall plateau is ob- 
served. It is not obvious that the FQH plateaux behave 
similarly to the IQH plateaux in the presence of tunnel- 
ing. If the behavior is different, it will reflect the proper- 
ties of the FQHE edge states. Therefore it is worth while 
to study the behavior of the FQH plateau both experi- 
mentally and theoretically. The purpose of the present 
paper is to theoretically investigate what happens to the 
FQH plateau in the presence of tunneling between the 
layers. We will show that the plateau v — 1/q, where 
q > 1, can behave differently from that aX v = 1. 

In this paper we consider bilayer systems at filling fac- 
tor 1/q each, where q is an odd integer. The electrodes 
are attached to only one of the layers, and influence of the 
other layer on the two-terminal and Hall conductances 



are investigated. The edge states, which determine the 
transport properties, are influenced by the coupling, since 
the excitation at the edge is gapless. So we first ex- 
plain how the bilayer edge is described by the two com- 
ponent chiral Tomonaga-Luttinger liquid theory in the 
absence of tunneling. Then we add the effect of tunnel- 
ing, which occurs only at the edges. The edge state of the 
multicomponent quantum Hall systems is studied by Mc- 
Donald and Haldane. Q According to them, two distinct 
phase should be considered. They are parameterized by 
A'-matrix: ||] 
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where to is even integer which is related to the bulk fill- 
ing factors of the both layers v as v = 1/ {2m ±1) ^ 1/q. 
When 1^ = 1 these two states are equivalent. They 
describe standard hierarchical state and independent 
Laughlin state, respectively. We describe the edge state 
of bilayer FQH systems as follows: 



So = J drdx £o[0], 
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where x is the coordinate along the edge, pseudo spin 
I, J — ti corresponds to two layers, 
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with 0"(0/) being the edge boson fields propagating 
along the upper(lower)boundary of the / layer, vjj en- 
codes the non universal interactions, and we assume 

In the charge-pseudo spin basis, 0c, s = (0T='=<^i)/2i 
the two-components can be separated: 
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where Kp = ±l/(2m± 1) = ztiy, K^^ = 1 for standard 
hierarchical state, Kp = K„ = v for independent Laugh- 
Un state, and Wc,s = 2(vii ± vyi) are velocities of charge 
mode, and spin mode, respectively. |^ 

On the boundary electron field operator is given by 

ri = Vp'o exp(igC ± iC), 
'>P\ ^ Vpo exp(-i#^ T i^i), (5) 

for standard hierarchical state, and 



V-/ = Vpo exp(i(/)y/iy), 
V'l = Vpo exp(-i<^^/i^). 



(6) 



for independent Laughlin state. In these equations po is 
electron density in the bulk. 

Now we go on to discuss tunneling between the two lay- 
ers. The tunneling is described by the following Hamil- 
tonian. 



dx 



{tix)ij\{x)^l{x) + h. 
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where t{x) is the tunneling amplitude. In the ideal sys- 
tem the tunneling occurs uniformly, and t{x) is indepen- 
dent of X. On the other hand, if the impurity assisted 
tunneling is dominant, t{x) depends on spatial distribu- 
tion of the impurities. We first consider the former case. 
Then Eq.(7) is written in terms of boson fields as 



Stun = I drdx t (V'^'Vr + ^t'V'I + h.c) 



/'t„;,i 



u I drdx cos(— 7-) cos(-7-). 
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where u = A^p^t is coupling constant. 

We suppose the limit where the tunneling amplitude 
is very weak, and calculate the scaling dimension of the 
tunneling amplitude. We introduce a energy-momentum 
cut off A, then bosonic column vector field is given as 



(/)a(x) = 



0<|p|<A 



d^p 



(9) 



where x = (r, x) is 1 -I- 1 dimensional space-time vector, 
and p — {ijj, k) is energy-momentum vector. We divide 
the field (px into slow and fast modes such as 



(^a(x) = (?!)A'(x) -f /i(x), 



(10) 



where 
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Integrating out /i(x), we obtain an effective action for 
slow modes 0a' : 



P^A' e" 



(12) 



Here we keep only the first order terms with respect to 
the coupling constant u, then we obtain 

u(A') = u{K) eM~Gs{0)/K,^) {^)-\ (13) 

where 

Gc.s(x) = {htsix)hlM)n 

Vh htMh%M e-^[''l / j Vh e-^[''l 
MA| 
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(14) 



and |rfA| = A- A'. 

So RG equation is written as 

du 1 X 

dr = (^-K:)"' 



(15) 



where e' = A/A'. It shows that when < 1/2, the tun- 
neling is irrelevant; and when Ka- > 1/2, it is relevant. 
In the following we consider both cases. 

First we consider the case of i^{= 1/q) < 1/2 indepen- 
dent Laughlin state. Since the irrelevancy of the tunnel- 
ing, the layer which is applied source-drain voltage is de- 
scribed by the fixed point which corresponds to the single 
layer QH systems in the long wave length and low energy 
limit. Then in this limit the Hall conductance and two- 
terminal conductance are given by Gh = Gt = ve^/h. 
At finite temperature there should be corrections to two- 
terminal conductance. 

This correction can be obtained by calculating the tun- 
neling current between the layers by Fermi's golden rule: 

/tun = 2neY,\HHtnn\o)\H{E^ -Eo- eV) 

n 

t^e f 

= — / dxdx'duj Gx' (x — x' .Lo — eV^ 

277 y ) 

UmesG^{x — x' ,10), (16) 

where Gf and Gj are the Green's functions. These can 
be expressed as 

G>{x,u;) ^ Jdt e-* {4{x,t)ijj{0,0)). (17) 

This is related to the imaginary-time Green's function 
Gi{x,t) = {T^[4ix,T)i^iiO,0)]) (18) 
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via analytic continuation, Gf{x,t) = Gi{x,t — > it). 

In terms of conformal theory, electron operator is the 
vertex operator which has conformal dimension A = 
l/2i^. So we have 



(V'l(.)V7(z')) 



1 



(19) 



where z = x — icr, and c is velocity of single layer edge 
mode. 

Therefore tunneling density is given as 



and one obtains 



eV 



(20) 



(21) 



This tunneling current gives rise to backscattering of the 
current. At the finite temperature T, we can put the 
voltage V to T. So the the correction of two-terminal 
conductance is given as Gt — ve^/h oc — T^'"^. This 
result is consistent with our renormalization group anal- 
ysis. 

In the other cases: v = 1 > 1/2 independent Laughlin 
state and standard hierarchical state, u scales to a large 
value, then our RG equation Eq.(15) cannot be relied on. 
However, u should scale to a finite value. The vicinities 
of the electrodes are non equiliblium, and Hall conduc- 
tance varies from 2ve^ jh, when u is scaled to large value, 
to ve^/h. Since these behavior at = 1 is investigated 
in ref.(4), we do not discuss them in the present paper. 

Far from the source and drain electrodes, the systems 
are expected to achieve the equiliblium state in which 
chemical potentials of the two layers are equal. Actu- 
ally 0s is massive. To see this, we suppose u is infinite. 
Because of dominancy of S'tun, 4>s is given by a solu- 
tion of the equation of motion, and it is constant. Then 
spin mode has an infinite gap. Even when u is finite, 
spin mode has a finite gap. Therefore low-energy exci- 
tations are charged modes only. This means that it is 
rather stable to flow current on both edges of layers un- 
der the perturbation of the source-drain voltage, and it 
can be concluded that this situation is an equiliblium 
state. Therefore if one first assigns a definite value of 
the current, then the measured voltage is half of the sin- 
gle layer case. So the Hall conductance on this area at 
J/ = 1 > 1/2 independent Laughlin state and spin singlet 
state must be Gh = Ive^ jh according to the Landauer- 
Buttiker's picture. 

So far we have discussed tunneling due to the uniform 
overlap of the wave functions. Now we consider the ef- 
fect of impurity scattering. First let's consider a situation 
where impurities are sparse. Tunneling at each impuri- 
ties occurs independently. We represent the outcome of 
such tunneling by a single effective impurity at the each 
side of the edge. ||l4] This situation resemble Grayson's 



experiment. |15[ In this case the tunneling amplitude can 
be written as point contact type |lq| 



t{xT-' ^tS{x- xo'^) 



(22) 



where Xq'' is the position of the impurity. Then the tun- 
neling term S'tun is replaced by 

Stun = u / dr cos ^'1/ ' cos )/ ' (23) 



where we put Xq — Xq — 0. To calculate the scaling 
dimension, we consider effective action , which is de- 
fined as |l|] 



V(j) exp(-S'o - Stun [0s (o,t)]) 

V(j)VeV\ exphSoM - Stnn[9{T)] 

+ j drA(T) (%)-0,(O,r))] 
= j 'De exp(-S'=ff[6']). 
After integrating out, we obtain 



(24) 
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u / dr cos( — )cos( — ). (25) 



As before we integrate out the fast mode to obtain 

u{K') = u{K) exp(--ijG(0)) {^)-\ (26) 



where 



Then the RG equation reads 

du , 1 , 



(27) 



(28) 



Thus ii V < \ tunneling is irrelevant for independent 
Laughlin state and two-terminal conductance behaves as 
G^iT) = ve^ Ih — oiT'^l"~'^ similarly to the point contact 
experiment. pq| 

For the other cases, tunneling is marginal. When 
V = \, interaction can be neglected, so we can use the 
Landauer-Buttiker transport theory. Then the electrons 
partially transmit between the two layers, and Hall con- 
ductance is almost independent of temperature. 

Next we consider a situation where impurities are not 
sparse, and tunneling at each impurities can not be 
treated independently. This case is modeled by random 
Gaussian distribution for t(x) with 
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Plt(.)] - cxp (^-^Jdx t{xf^ . (29) 

Then 

t{x)t{x') = Wd{x-x'). (30) 

The effect of this potential is investigated by Gimarchi 
and Schulz in the theory of localization of interacting one 
dimensional electrons systerns, and by Kane, Fisher, 
and Polchinski in QH edge. In order to treat this po- 
tential, we use the reprica trick, Noting the relation; 

lnZ= lim -(Z"--l), (31) 

when we consider the average of free energy, we calculate 
in place of In Z , where n is the number of repricas. 
The former average is written as 

^ = / (11^'^') exp(-S.5[(/.,]). (32) 

i 

Then effective action can be expressed as 

exp(-S,5[0,]) = cxpi-S'^n, (33) 



for the local impurities, and 

GT(r) = i^^-ar4/.-6^ (38) 

for the random impurities, where a depends on the de- 
tails of the sample. 

(b) In the other case: i/ = 1 and standard hierarchical 
state at any v. In the presence of the uniform overlap of 
the wave functions or random impurities. Hall conduc- 
tance on the middle region of the sample is given as 

Gh = 2i.^, (39) 
h 

because of pseudo-spin gap. If the local impurities cause 
tunneling, two-terminal conductance is non universal and 
almost independent of temprature, since tunneling is 
marginal. 

All above arguments apply only to v — 1/ (odd-integer) 
QH state. We will study the transport phenomena in hi- 
erarchical and paired [^,^ QH states, and finite 
size correction is to be discussed later. 



drdr'Ax cos( '''^ K ' 



(2;, t) ■ (x,t') 
X cos(— — ^ ). (34) 

In this case W plays a role of a coupling constant. Ac- 
cording to refs.(lO) and (19) RG equation of W is written 
as 



(35) 



If Ka < 2/3 it is irrelevant, then the values of Hall con- 
ductance does not change at zero temperature. On the 
other hand, if = 1 > 2/3 randomness is relevant. As 
mentioned above (j)s is massive, then Hall conductance is 
Gh = 2e^//i at zero temperature. 

In this paper we have shown the following. 

(a) In the case of independent Laughlin state dX v < 
1/2 (1/3,1/5,...), the Hall conductance at zero tempera- 
ture is equal to that of the single layer under any mecha- 
nism of tunneling. At low temperature T-dependence of 
the two-terminal conductance is given as 



Gt(T) = aT^'''-^ 
h 

for the ideal uniform tunneling case, 

GT(T) = i.^-ar2/.-2^ 



(36) 



(37) 
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